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Abstract: After a breif review on Matrix String Theory on flat backgrounds, we for-
mulate matrix string models on different pp-wave backgrounds. This will be done both
in the case of constant and variable RR background flux for certain exact string geome-
tries. We exhibit the non–perturbative representation of string interaction and show how
the eigenvalue tunneling drives the WKB expansion to give the usual perturbative string
interaction also in supersymmetric pp-wave background cases.
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Overview of Matrix String Theory Matrix String Theory [1] (MST) connects per-
turbative string theory and M(atrix)-theory [2] by explaining how the theory of strings
is included in the latter in a second quantization scheme. As known, eleven dimensional
M-theory compactified on a circle S1(11) is supposed to give rise to the type IIA string the-
ory at strong coupling where D-particles are claimed to be the natural degrees of freedom
describing the theory. To be able to reach a string theory in a perturbative regime, one
may be able to use a strong/weak duality, namely the type IIB S-selfduality. Therefore,
in order to perform such a program, one is forced to further compactify the theory on
another circle S1(9) to be able to reach type IIB string theory by a T(9)-duality. Insodoing,
the D-particles get mapped to D-strings whose winding in the nineth direction counts
their number. Now it is possible to perform an S-selfduality of the type IIB string theory
by mapping these D-strings in fundamental type IIB strings with the same winding in the
nineth direction and weak coupling. Upon a final T(9)-duality these strings get mapped to
weakly coupled type IIA strings with fixed light cone momentum. Notice that we started
with a M-theory picture in which R(11) = gsls is a much bigger circle than R(9) – being
the type IIA theory in the strong coupling regime – while we end up in an M-theory
picture in which R(11) = gsls is a much smaller than R(9). Actually, the chain of dualities
we performed could have been obtained simply as a role-flip in M-theory between the
two circles. The outcome of the above duality chain is that perturbative type IIA strings
admit a dual description as wrapped type IIB D-strings once the light-cone momentum
of the strings is associated to the winding number of the D-strings. Let us notice that
from this point of view the overall transverse spacial eight dimensional geometry plays a
passive role and that it can be left as an arbitrary string background. Anyway, the need
of tractable cases tends to simplify the transverse geometry in a natural way. Therefore,
we review the flat case.
The effective description of wrapped type IIB D-strings is obtained by considering
the massless spectrum of the open strings stretched between them. This is given by the
dimensional reduction to the D-string worldsheet of the D = 1+ 9 N=1 superYang-Mills
theory with gauge group U(N), that is the D = 1 + 1 N=(8,8) superYang-Mills theory
with gauge group U(N). The gauge theory coupling g weights the mass scale of the
stretched open strings, that is the D-string tension, and therefore it is natural to set
g = 1
lsgs
from the duality chain, where gs is the resulting type IIA perturbative string
coupling. If all that is true, the superconformal fixed point of the (8,8) superYang-Mills
theory with gauge group U(N) at the strong Yang-Mills coupling limit and in the large
N regime has to realizes the free limit of type IIA string theory on flat background. To
show that this is indeed the case, let us consider for simplicity just the bosonic part of
the action first, that is
Sb =
1
2
∫
d2z
{
Dz¯X
IDzX
I +
1
2g2
|Fzz¯|
2 −
g2
2
∑
IJ
[XI , XJ ]2
}
where the XI are in the 8v of the R-symmetry SO(8) group representing the unbroken
transverse rotational group and are in the adjoint representation of the gauge group. The
two dimensional integral is along a cylinder S1 ×R. By taking the strong coupling limit
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we see that classically , i.e. analyzing the potential V = g
2
2
∑
IJ [X
I , XJ ]2, the degrees of
freedom surviving the strong coupling limit are the Cartan projected matrix fields such
that [XI , XJ ] = 0. The same argument applies to the gauge connection, once the gauge
coupling gets rescaled in the covariant derivatives and in the gauge curvature. Therefore
theXI are simultaneusly diagonalizable by a large gauge transformation, i.e. XI = UxIU †
where xI is a diagonal matrix. Since the only gauge invariant concept is the spectrum
of the XIs itself, we find that the IR fixed point has to be given by a supersymmetric
σ-model on the quotient (R8)
N
/SN . This classical extimation can be made precise by
considering the full theory
S = Sb + Sf where Sf =
1
2
∫
d2z
{
iΘsDzΘs + iΘcDz¯Θc + 2igΘsΓ
I
[
XI ,Θc
]}
(0.1)
where the fermion fields Θs and Θc are in the 8s and 8c representations of SO(8) and
in the adjoint of the gauge group. As the bosons, also the fermions get projected to the
Cartan in the strong coupling. Expanding the action around a generic Cartan valued field
configuration, it is easy to see that in the strong coupling limit the only left over contri-
bution to the integration along the non-Cartan degrees of freedom is a supersymmetric
Gaussian path integral. This shows the quantum stability of the Cartan projection at
strong coupling. and means that at strong coupling we find an IR dynamics governed by
the action
S∞ =
1
2
∫
d2z
{
Dz¯x
IDzx
I +
1
2
|fzz¯|
2 + iθsDzθs + iθcDz¯θc
}
where all the fields are in a common Cartan subalgebra. As it is easy to see, the above
action – due to the fact that the gauge connection is completly decoupled from the σ-
model fields and that it does not carry any local degree of freedom – is equal in form to the
GS type IIA action, but its field content is a bit different being given by a symmetrized
sum of N copies of it, that is an orbifold σ-model on (R8)
N
/SN . This is because the large
gauge transformation U relating the single valued field XI and the Cartan projected xI
as XI = UxIU † is not required to be periodic, namely upon a 2π shift in the space circle
one has U → U · g and xI → g† ·xI · g where g ∈ SN . To disentangle the orbifold
structure, we fix the conjugacy classes of each permutation g ∈ SN in irreducible cyclic
ones as
(g) = (1)n1 · (2)n2 · . . . · (a)na · . . . · (N)nN where
∑
a
ana = N (0.2)
Let us focus on a single cyclic permutation (a). It acts on the relative eigenvalues of the
Cartan fields as xIα(σ + 2π) = x
I
α+1(σ) where α ∈ [1, . . . , a]. Considering the collection
of the xIαs, we can collect them in a single field xˆ
I with period 2aπ. Therefore the field
content of the sector corresponding to the generic permutation (0.2) is given by a set of
strings (one for each cyclic elementary permutation) of length a. In the large N limit,
this is the representation of the second quantized GS type IIA string in the free limit,
where the length parameter is mapped to the light-cone string momentum 2.
2See [3] for an extensive review of this point.
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As far as the string interaction is concerned, there are two different appreaches. The
first, which has been considered in [1], is a constructive one and goes as follows. One
considers the effect of switching back perturbatively the gauge coupling. This should result
as an additional vertex S∞ → S = S∞ + 1
g
∫
d2zV (3/2,3/2) + . . . driving the orbifold
CFT out of the conformal point. By SN and SO(8) symmetries and locality arguments
the vertex V (3/2,3/2) can be fixed uniquely to be given in terms of spin operators. The
vertex indeed reproduces the Mandelstam vertex insertion at the branching points of a
typical string diagram.
A second approach to string interactions, which has been considered in [4], starts
by looking for the string interaction in the very structure of the gauge theory. The
first observation is that different long string configurations corresponds to topologically
dinstinct vacua of the gauge theory. The possibility therefore arises that some instantonic
effect takes place by tunneling between these different vacua. This is indeed the case.
Non trivial instantons (preserving 1/2 of the original supersymmetry) are given by field
configurations satisfying the Hitchin system [5]
Fzz¯ + g
2[σ, σ¯] = 0 and Dzσ = 0 (0.3)
where σ = X1+ iX2 and the other scalar fields are passive. The spectral data classifying
its solutions is given by the moduli space HN of holomorphic plane curves of rank N . The
generic curve S is defined by the σ-spectral equation
0 = det(σ(z)− σ1N)
for any solution of (0.3). The way in which these spectral curves represent the Mandelstam
diagrams is discussed in detail in [4]. The branching points of the curve S where various
sheets come together are therefore associated to the joining/splitting of strings. The
gauge curvature is generically turned on only in a region of size g−1 around the branching
points of the curve S where various sheets come together, while away from these points
it is small corresponding to the stability of the intermediate free string configurations
where σ is a normal matrix. This string interpretation of the Hitchin system allows then
to make manifest the eigenvalue tunneling responsable for the string interaction and to
build it directly from the gauge theory. Infact one can refine the strong coupling limit by
calculating the WKB approximation of a generic matrix string amplitude by expanding
the action around the solutions of the Hitchin system. Once a particular solution, i.e.
a spectral curve S, is choosen, then it singles out a precise Cartan subalgebra pattern
almost everywhere and the fields eigenvalues now become all together the corresponding
light-cone string coordinate fields on the spectral curve itself.
Therefore we obtain a representation for the partition sum as
ZN =
∑
S∈HN
∫
D[x, θ]e−S(x,θ)S ×
∫
D[A]e−S(A)S
where S(x, θ)S is the type IIA GS string action on S and S(A)S is the action of a decoupled
U(1) gauge theory on S. The integration over the gauge field is trivial and gives∫
D[A]e−S(A)S =
Det′∆0
Det′∆1
g¶0−¶1
3
where ∆i are the Laplacian for i-differentials on S and ¶i is the number of their zero
modes. By using the Riemann-Roch formula ¶0 − ¶1 = χS we can rewrite the matrix
string partition sum as 3
ZN =
∑
S∈HN
g−χSs
∫
D[x, θ]e−S(x,θ)S (0.4)
where we identify (after the proper introduction of dimensionfull constants) g = 1
lsgs
.
Eq.(0.4) shows that the two dimensional gauge theory defining matrix string theory admits
an asymptotic expansion as a GS string theory already at finite N . To match the usual
GS partition function we have to make sure that the moduli space of the Hitchin systems
HN recostructs the full moduli space of Riemann surfaces. This can be shown to happen
exactly in the large N limit. As far as the interpretation of the resulting measure as the
Weil-Petersson in the large N limit, see [6].
This way, the interacting structure of perturbative string theory, namely the genus
expansion, is recovered as an asymptotic expansion of the gauge theory partition function
around the conformal fixed point in the inverse gauge coupling which is then, accordingly
with S-duality, interpreted as the string coupling.
Strings and pp-waves While it is still an open issue the quantization of string theory
in curved backgrounds and the study of their finiteness properties, it appeared recently
an interesting class of (2,2) pp-wave solutions of type IIB [7] generalizing the one studied
in [8]. These string theories have been shown to admit a supercovariant formulation in
[9] and have been shown to be exact (finite) in [9, 10]. These (2,2) solutions have been
studied in the SU(4) × U(1) formalism [11]. Within this framework the type IIB GS
action on a flat background is written in terms of four complex chiral (2,2) superfields
X+l, where l = 1, . . . , 4, as
S0 =
∫
d2zd4θX+lX−l
where the only part of the original SO(8) symmetry which remains manifest is a SU(4)×
U(1) one. The action relative to these new pp-wave backgrounds is written as the σ-model
action
SIIBpp =
∫
d2z
{∫
d4θX+lX−l +
∫
d2θW (X+l) + c.c.
}
where W is the prepotential, i.e. an holomorphic function in the four chiral fuperfields.
The pp-wave metric and the RR-field curvature are parametrized by this holomorphic
function as ds2(10) = −2dx
+dx− − |∂W |2(dx+)2 + 2dxldx¯l and the RR-fields F (5) ∼ ∂2W .
Notice that from this exact superconformal formulation, upon a change of variables, the
R-NS formulation can be obtained where the string interaction is well defined, being the
background non dilatonic, as the usual genus expansion. Particularly, if W (x) = µ
∑
l x
2
l ,
then we obtain the maximal supersymmetric pp-wave with manifest SO(4) symmetry and
3We redefine the measure on HN to include also
Det
′
∆0
Det′∆1
.
4
constant RR-flux F (5) ∼ µ while in general if W is a generic quadratic function, these
backgrounds have constant RR-flux and less isometries.
To formulate a Matrix String Theory for such a kind of backgrounds (in order to
embed them in M-theory) we have to consider their type IIA counteparts. Because of
the different chirality assignment between left and right moving fermions, the analogous
type IIA (2,2) σ-model has just three chiral superfields φi, where i = 1, 2, 3, and a twisted
chiral 4 one that we call Σ. This is the type IIA counterpart of the above superfields
formalism in which only an SU(3)× U(1) symmetry is manifest. The type IIA action is
then given by
SIIApp =
∫
d2z
{∫
d4θ
{
−
1
4
ΣΣ¯ + φiφ¯i
}
+
∫
d2θW (φi) + c.c.
}
(0.5)
where the prepotential depends now only upon the three chiral superfields. In principle one
could also consider more general σ-model actions including also generalized FI terms like∫
d2z
{∫
dθ+dθ¯−f(Σ) + c.c.
}
, where f is holomorphic, but we don’t do it here. Notice that,
in particular, ifW = 0, this action reproduces the type IIA GS action on a flat background.
Now the possibility of lifting to M-theory (via a MST picture) these backgrounds can be
posed clearly.
Matrix Strings on pp-waves with constant RR flux As far as the formulation of
MSTs on pp-waves with constant RR-flux backgrounds, the procedure to obtain the most
general kind of model is to consider a generic deformation of the MST action (0.1) which
is quadratic in the fermions. This is because we already know that the σ-model remains
quadratic in the fermion fields. This procedure can be best studied in the ten dimensional
formalism where the fermion fields Θs and Θc are collected in a single Weyl-Majorana
fermion we call Ψ. Infact type IIA Matrix String Theory can be obtained by reducing the
N = 1 D=10 SYM theory with gauge group U(N) down to two dimensions and we can
therefore work directly in the ten dimensional theory to calculate the constraints on the
possible quadratic deformations and then dimensionally reduce. This procedure has been
worked out in [13]. Summarizing, we deform the N = 1 D=10 SYM action
Ssym → Spp = Ssym +
∫
iΨ¯HΨ+ Sb
where H is a constant bi-spinor whose generic structure is H = hµνρΓ
µνρ
(
1+Γ11
2
)
and Sb
is a purely bosonic action term. This has to be fixed by the requirement that a shifted
supersymmetry
δAµ = δsymAµ δΨ = δsymΨ+K[A]ǫ
leaves invariant the shifted action. This is possible if K[A] is a linear functional in the
gauge field A and if the supersymmetry parameters ǫ satisfy certain linear differential
equations. The action for the general matrix string theory model on pp-waves with
4For definitions, properties and notation here and in the subsequent part of this letter, we refer the
reader to [12].
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constant RR flux can be obtained by dimensional reduction to two dimensions of the
above construction. The details and the results of this approach can be found in [13] and
will not be given here.
Matrix Strings on (2,2) pp-waves with non-constant RR flux This second case
is the implementation in the Matrix String Theory scheme of the exact (2,2) pp-wave
backgrounds reviewed in the last section [14]. In order to treat this case, we preliminarly
write down the MST action on flat background in the (2,2) superfield formalism. It reads
as ∫
d2zd4θ
(
−
1
4g2
ΣΣ¯ + ΦiΦ¯i
)
+
∫
d2z
[
d2θL(Φi) + c.c.
]
(0.6)
with the prepotential L = gΦ1 [Φ2,Φ3]. Here Φi are three chiral superfields in the adjoint
representation of the gauge group U(N) while Σ is the twisted chiral superfield obtained
as the covariant superfield curvature. The trace over the gauge group and the covarianti-
zation of the ΦΦ¯ term are understood in (0.6). Notice that in the (2,2) manifest formalism
only a U(1)× SU(3) subgroup of the original SO(8) R-symmetry is manifest (exactly as
it was in the previous section for the action (0.5) in the flat case.).
Now, to include the σ-model prepotential W , we add a further prepotential term in
(0.6) as
S =
∫
d2z
{∫
d4θ
{
−
1
4g2
ΣΣ¯ + ΦiΦ¯i
}
+
∫
d2θ
(
L(Φi) + W˜ (Φi)
)
+ c.c.
}
(0.7)
As far as the definitions of the matrix function W˜ the natural requirement is that once eval-
uated on Cartan fields it reproduces the prepotential in (0.5) as TrW˜
(
Φt
i
)
=
∑
mW
(
Φm
i
)
in an ortonormal basis of t. This requirement specifies these structure function up to ma-
trix ordering. The natural ordering is of course the total symmetrization. In the related
context of D-geometry this problem has been clarified [15] by showing that if the back-
ground satisfies the string equations, then the total symmetric ordering is the correct
one in order to reproduce the correct open string masses assignments. Since the string
backgrounds we are considering are exact, TS-duality with the type IIB D-string picture
justifies this ordering. Moreover, there’s a second argument in favour of the symmetric
ordering which is related to the symmetries of the background. Our type IIA generic
background is expilicitly invariant under SO(2) (acting on the σ complex plane) and the
SU(3) transformations under which W is invariant (up to additional constants). Let us
notice that, since the additional prepotential L = gΦ1[Φ2,Φ3] is fully SU(3) invariant and
since the total symmetrization is the only matrix ordering prescription which commutes
with linear transformations of the arguments, then this prescription is the only one which
preserves the above background symmetries. Let us notice that this agrees with the issue
raised in [16] where the symmetry of the background pp-wave metric is token as a guiding
principle for the construction of a well defined string perturbation theory. We consider
these arguments exaustive of a discussion about the matrix ordering prescription.
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For completeness, we give the bosonic part of the action (0.7) that is
Sb =
1
2
∫
d2z
{
Dz¯φ
iDzφ¯
i¯ +Dzφ
iDz¯φ¯
i¯ +Dz¯σDzσ¯ +DzσDz¯σ¯+
F¯ i¯F i +
1
2g2
|Fzz¯|
2 −
g2
2
[σ, σ¯]2 −
g2
2
[φi, φ¯i¯]2 + g2[σ¯, φi][σ, φ¯i¯] + g2[σ, φi][σ¯, φ¯i¯]
}
where F¯ i = ∂(W˜+L)
∂Φi
(φ).
A first check of our model is that in the strong coupling it has to reduce to a sym-
metrized orbifold of the type IIA GS action (0.5). This is indeed the case, since the
additional prepotential W˜ is independent upon the gauge coupling and therefore, assum-
ing that the RR flux is weak with respect to the gauge coupling g, it does not interfere
with the strong coupling limit procedure as described for the flat case in the first section.
A second important point is to check if the WKB expantion of the matrix string
partition function still reproduces the perturbative expansion of string theory in a way
similar to the one we revied in the first section. This can be again shown to happen in
this case (the case of generic constant RR flux [13] seems to be more difficult because of
lack of control on the supersymmetric instantons if any). Actually, the possible BPS field
configurations for the MST on pp-wave we are studying are of two types.
• Static: these are 1/2 BPS solutions where the σ field is passive, the gauge connection
is flat and the φis satisfy the equations
D0φ
i = 0 D1φ
i + F i = 0
∑
i
[
φi, φ¯i
]
= 0
• Instanton: again 1/2 BPS solutions where the φis are passive and σ and the gauge
connection satisfy again the Hitchin equations (0.3).
Since F -term/derivative-terms saturation implies staticity, there does not exist other is-
tanton type solutions but the ones given by the Hitchin equations. This implies that,
as in the flat case, these drive a tunneling between the different possible long string
configurations of the orbifold σ-model found at strong coupling. The calculation of the
WKB expansion of the partition function goes exactly like in the flat case as well as the
evaluation of the gauge connection determinants.
Conclusions and open questions It sounds very much like that matrix string theory
should find its proper place in gauge/string theory duality picture [17]. How and if it will
happen is a nice challenging question we are facing from this point of view.
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